Abstract. Exponential decay estimates are obtained for complex-valued solutions to nonlinear elliptic equations in R n , where the linear term is given by Schrödinger operators H = −∆ + V with nonnegative potentials V and the nonlinear term is given by a single power with subcritical Sobolev exponent in the attractive case. We descrive specific rates of decay in terms of V , some of which are shown to be optimal. Moreover, our estimates provide a unified understanding of two distinct cases in the available literature, namely, the vanishing potential case V = 0 and the harmonic potential case V (x) = |x| 2 .
Introduction
In this paper we study the asymptotic behavior at infinity of solutions to the elliptic equations of the form
where u is a complex-valued function on R n , V is a given nonnegative function on R n , ∆ is the Laplacian in R n , ω ∈ R, p > 1, and n ≥ 1. The purpose in this paper is to present exponential decay of solutions to (1.1) with specific rate given in terms of the linear potential V . We describe the exponential decay by means of L 2 and H 1 estimates, local L 2 estimates, and pointwise estimates. In the special case where V (x) = |x| θ with θ > 0, the rate of exponential decay is shown to be optimal by lower bound estimates due to Uchiyama [36, 37] . Moreover, the rate reduces to the two well-known results of the kind, namely, the vanishing potential case V = 0 [3] and the harmonic potential case V (x) = |x| 2 [11, 12, 15] , so that it gives a unified understanding how potentials come into play in the phenomena of exponential decay of solutions. We note here that the method in [3] for V = 0 is applicable to complex-valued solutions, while the resulting exponential decay is of order O(e −C|x| ) which is not always optimal. It has been known only by ODE methods and the maximal priciple in [11, 12, 15] that Gaussian decay O(e −C|x| 2 ) is proved for positive, radial solutions to (1.1) with V (x) = |x| 2 . Equations of the form (1.1) with V = 0 have been extensively studied (see for instance [2, 19, 20, 21, 33] ), while there arises a new interest in (1.1) with V (x) = |x| [11, 12, 14, 15, 26] . Equations of the form (1.1) are of special interest in connection with standing waves for nonlinear Schrödinger equations in the attractive case
where v is a complex-valued function in space-time R n+1 . We call v a standing wave for (1.2) if v(t, x) = e iωt u(x) and u solves (1.1). We refer the reader to [3, 13, 22] for general studies on the Cauchy problem for (1.2) and to [1, 4, 9, 30, 31, 38, 39] (when V = 0), [5, 6, 7, 8, 9, 16, 23, 27, 40, 41] (when V ̸ = 0) for stability and instability results on standing waves for (1.1). To state our main results precisely, we introduce notation and conventions. We consider solutions of (1.1) in the space Σ ≡ {u ∈
We denote by 2* the Sobolev critical exponent defined as 2 * = 2n/(n − 2) for n ≥ 3 and
For p with 1 < p < 2 * − 1 solutions in Σ make sense if both sides of (1.1)
are considered in the dual space Σ ′ . Σ is a natural space where functionals such as
are well-defined. The above functionals play an important role in variational methods for (1.1), especially for the existence of solutions of (1.1). We refer the reader to [2, 5, 15, 20, 21, 26, 34] for instance and do not go into details for the existence here. We regard the elliptic differential operator −∆ + V in (1.1) as a Schrödinger operator . We refer to [24, 25, 29] for L q theories for the Schrödinger operators. We now introduce the main assumptions on V . Throughout the paper we fix ε as an arbitrarily small constant with 0 < ε < 1.
(V1) For any q with 1 < q < ∞, H forms a maximal accretive operator in L q .
(V1) ′ There exists q with n < q < ∞ such that distributional derivatives
satisfy the estimate
A basic regularity result is given by:
(2) For any multi-index α with |α| ≤ 1,
and for any multi-index α with |α| = 2,
where
, it follows from the closed graph theorem that there exists a constant C such that
Here C may depend on q. A sufficient condition for (V1) is given by 
where n < q < n/(1 − θ), see [10] . 
As a corollary, we have local exponential decay estimates: 
Remark 1.3. labelrem3
In the case where V is radial and continuous, φ is given by
whereṼ is a continuous, nonnegative function on [0, ∞) satisfyingṼ (|x|) = V (x) for all x ∈ R n . With this choice the inequality is realized as the equality |∇φ| 
which is optimal for θ > 0 in the sense that for any ε > 0
See Example 5.1 of Uchiyama [37] , where we apply
in the notation of [37] . We note that q 2 (x) = o(1) as |x| → ∞ by Theorem 1.
For pointwise exponential decay estimates, we introduce an assumption on the potential in terms of φ in (V2).
(V4) For any δ, a > 0 there exists C δ > 0 such that
for any x ∈ R n and all y ∈ B(x; a) ≡ {y ; |x − y| ≤ a}.
The assumption (V4) regulates a local growth behavior by means of the uniform rate 1+δ. In the case V (x) = |x| θ with θ ≥ 0, (V4) is satisfied.
Then for any δ > 0 sup
Remark 1.6. For V = 0, Theorem 3 reduces to Theorem 8.1.1 in Cazenave [3] . As for the pointwise decay in the case where V (x) = |x| 2 , we refer the reader to [11, 12] .
We prove Theorems 1, 2, and 3 in Sections 2, 3, and 4, respectively. Although the method of proof below is standard, several improvements are made to take the effect of potentials into account (compare with [3] ). For completeness, we repeat some of the standard arguments besides new ingredients. We finally note that all the statements above and the arguments below are still valid for more general nonlinearities of the form λ|u| p−1 u with λ ∈ C, and that the method in this paper provides an improvement of the result by Kurth [18] which showed the exponentially fast decay of nonlinear modes for a nonlocal nonlinear Schrödinger equation related to dispersion-managed solutions.
Proof of Theorem 1
Let u ∈ Σ solve (1.1). We write the equation in Σ ′ as
By the Sobolev embedding, u ∈ L p+1 and therefore |u| p−1 u ∈ L (p+1)/p . We rewrite (2.1) as
where, by (V 1) the first and second terms on the RHS make sense in L p+1 ∩ L 2 and in
For j ≥ 1, we define r j , q j as
,
We note here that δ > 0, 1/r j+1 = 1/r j − 2/n, 1/q j+1 = p/q j − 2/n, 1/q j > 1/r j and that 1/q j and 1/r j are decreasing and tend to −∞ as j → ∞.
We claim that u ∈ L r j + L q j for any j with 1/r j , 1/q j > 0. By the Sobolev embedding and (3), we take the distributional derivatives of (1.1) to have
By Part (1), the terms on the RHS of (2.3) belong to L q , where q > n is as in (V1) ′ .
Therefore, by (2.3) and Remark 1.1, we have ∂ j u ∈ W 2 q ⊂ C 1,1−n/q . This proves Part (3).
Proof of Theorem 2
Let ζ = exp φ and let ζ m = exp(mφ/(m + φ)) for m ≥ 1. Taking the real part of the scalar product of (1.1) with ζ m u, we obtain
The first term on the RHS of (3.1) is equal to
where the second term is estimated as
Combining these estimates with (3.1) and applying (V2), we obtain
We now distinguish between two cases : (1) ω > 0. (2) ω ≤ 0.
(1) The case ω > 0. By Theorem 1 (2), there exists R > 0 such that |u(
for all x with |x| ≥ R. By (3.2) we obtain
where we have used the inequality ζ m ≤ ζ. Since the RHS of (3.3) is finite and independent of m, Fatou's lemma implies that ζ(|∇u|
which together with (3.2) in turn implies that ζ|u| p+1 ∈ L 1 . By the monotone convergence theorem, (3.2) holds with ζ m replaced by ζ. 
The middle term in (3.2) is bounded as
By (3.2), (3.4) and (3.5) we obtain
Taking both (3.7) and (3.8) into account, we have
Similarly, we have ζV |u| 2 ∈ L 1 . By the second inequality in (3.2) we have ζ|u| p+1 ∈ L 1 since, by the monotonone convergence theorem, the RHS of the second inequality in (3.2) holds with ζ m replaced by ζ. This proves Theorem 2.
Proof of Theorem 3
By the Sobolev embedding
For any y ∈ B(x), we obtain
Integrating the above inequality with respect to y over B(x), we have
This implies, with a = ∥u∥ ∞ /2L,
exp(φ(y))|u(y)| 2 dy
as was to be shown.
Discussion
As we mentioned in the end of Introduction, the method above provides the Gaussian decay for the solutions of −u xx + x 2 u + ωu − F (u) = 0, x ∈ R, ω ∈ R, 
with S(z) := U (R eff (z)). Here, U (z) denotes the group generated by the harmonic oscillator, T (z) is a characteristic pulse width and R eff (z) is the effective residual dispersion (for details, see [18] ). This problem is related to dispersion managed solitons (see, e.g., [18, 28, 35] ). Our method, particularly the way of proof of Theorem 2 is applicable to the equation (5.1) since the effect of coefficient to the quadratic factor in the functional associated with the nonlocal nonlinearity F (u) is small far away from the origin as in the case of |u| p−1 u. This improves the result in [18] concerning the exponential decay of solutions of (5.1).
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